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THE HYPERSONIC VISCOUS SHOCK LAYER 

WITH MASS TRANSFER 
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(Received 28 June 1966 and in revisedform 15 January 1967) 

Abstract-An investigation of the effects of surface mass transfer on the viscous hypersonic shock layer of 
a blunt body has been performed. Cheng’s theory of the Newtonian shock layer has been modified to 
include both suction and injection, and extensive numerical results have been obtained for the injection 
of air into air. 

These results indicate that the heat-transfer and skin-friction reductions due to injection can be ade- 
quately represented by the standard boundary-layer correlation formula for all but extreme low-density 
flows. As the Reynolds number decreases, however, mass transfer becomes ineffective in reducing heating 
rates and skin friction, especially for a very cold wall. The effect of nonzero wall temperature is to increase 
the shock-layer thickness dramatically, and there are also indications that the wall-temperature level 
determines whether the asymptotic inviscid-shock-layer thickness is approached from above or below. 

NOMENCLATURE 

mass ratio defined by equation (27a) ; 
skin-friction coefficient defined by 
equation (29b) ; 
heat-transfer coefficient defined by 
equation (29a) ; 
specific heat at constant pressure ; 
nondimensional stream function de- 
fined by equation (24); 
total specific enthalpy ; 

specific enthalpy ; 
Cheng’s hypersonic viscous similarity 
parameter ; 
longitudinal curvature of the surface, 

dt.Vdx ; 

Re, 
Reb, 
R NT 

s, 
T, 
L 
U, 
ii, 

0, 

X, 

Y, 

Z, 

Reynolds number ; 

P rnUW~o ; 
nose radius ; 
distance along stream function, I+$ ; 
temperature ; 
reference temperature, = (T, + TO)/2 ; 
velocity component in x direction; 
dimensionless velocity defined by equa- 
tion (22) ; 
velocity component in y direction ; 
curvilinear coordinate ; 
coordinate normal to x axis ; 
distance from the body surface to the 
axis of symmetry, = RN cos /?. 

thermal conductivity; Greek symbols 

free-stream Mach number ; BY shock angle ; 

pressure ; YT ratio of specific heats ; 

dimensionless pressure defined by A, shock standoff distance ; 

equation (22) ; 6 b - 1)PY ; 
Prandtl number, C&k ; 6 density ratio, p,/p, = (y - l)/(y + 1); 
gas constant ; 4% Howarth-transform variable defined 

by equation (23) ; 

t Research Staff, Department of Geophysics and Astro- 
0, dimensionless total enthalpy ratio de- 

nomy. fined by equation (22) ; 
$ Research Staff, Computer Sciences Department. 81, temperature-gradient parameter ; 
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viscosity; 
zero for planar flow and unity for axi- 
symmetric flow; 
dimensionless coordinate defined by 
equation (23); 
density: 
dimensionless tangential pressure 
gradient defined by equation (25); 
stream function in von Mise’s trans- 
formation defined by equations (15) 
and (16). 

Subscripts 

!: 
stagnation condition; 
distance at shock ; 

w. condition at wall ; 
,x. free-stream condition ; 

*’ reference condition ; 

I. condition in front of shock; 
2. condition immediately behind shock 

(shock interface). 

1. INTRODUCT’ION 

HYPERSONIC viscous interactions on both slender 
and blunt bodies have been observed in low- 
density shock tunnels and wind tunnels during 
the past decade. These interactions, involving 
phenomena which are not contained within the 
usual framework of boundary-layer theory, have 
also been studied theoretically. There is a 
substantial body of analytical work available 
which modifies classical boundary-layer theory 
to include interaction effects [ 1. 21. 

As interest develops in the possible application 
of lifting vehicles capable of operation at high 
lift-to-drag ratios at high altitudes, these prob- 
lems of hypersonic viscous interaction move 
from the realm of academic interest to the 
realm of practical design considerations. which 
may be relevant to estimates of aerodynamic 
drag and heat transfer, as well as detailed flow- 
field structure. 

The objective of this memorandum is to 
investigate the effects of surface mass transfer 
upon the viscous ftow in the stagnation region 

of a vehicle in hypersonic flight at the upper 
edge of the continuum-flow regime. Stagnation 
enthalpy is high, but the lower density of the 
ambient air results in a thickening of the 
viscous layer. and interaction occurs between 
the boundary layer and the hypersonic shock 
layer. The usual concept of an outer inviscid 
flow determined by the body radius and the 
equilibrium shock conditions which provide the 
outer boundary conditions for a stagnation- 
point boundary-layer analysis is no longer valid. 
It becomes necessary to modify the Rankine- 
Hugoniot shock conditions to include the effects 
of viscous shear and heat conduction behind the 
shock. This modification requires a coupling 
between the boundary layer and the shock layer. 
Vorticity. which is generated by the shock layer. 
affects both shear stress and heat transfer. 
resulting. for example. in heating rates which 
are larger than those predicted by boundary- 
layer theory. 

There are several different approaches to 
the study of hypersonic viscous stagnation 
flow. ranging from the complete higher-order 
boundary-layer theory of Van Dyke [3]. Kao 
[4] and Maslen [5]. which includes effects of 
vorticity interaction. slip. curvature and dis- 
placement thickness. to the integration of the 
Navier-Stokes equations performed by Levinsky 
and Yoshihara [6]. The approach which seems 
both tractable and relevant to the hypersonic 
cold-wall application is the viscous Newtonian 
thin-shock-layer theory. This theory, proposed 
by Cheng [7] and applied by him to a number 
of problems. has recently been given more 
formal treatment by Bush [S]. Bush has used 
the techniques of singular perturbation theory 
and matching asymptotic expansions to develop 
simplified equations, derived from the Navier- 
Stokes equations, involving six different layers, 
each with different variables. Cheng’s theory, 
which essentially involves two layers. a thin 
shock-transition zone and a viscous Newtonian 
shock layer, is remarkable both for its simplicity 
and for its ability to yield the proper behavior 
for heat transfer in both the boundary-layer and 
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free-molecular limits. From the viewpoint of 
the designer, this is particularly useful, since it 
implies that it is not necessary to differentiate 
among the various flow regimes (boundary 
layer, vorticity interaction, transition, free mole- 
cule, etc.) in order to determine the appropriate 
theory for the calculation of heating rate. As 
long as the correct value of Cheng’s similarity 
parameter is used, this single theory can be used 
to give a uniformly valid estimate of hypersonic 
heating rates at all altitudes. 

The theory approximates the Navier-Stokes 
equations by boundary-layer equations which 
have been corrected for the centrifugal pressure 
gradient and which are valid between the body 
surface and the thin bow wave. The jump con- 
ditions across the shock wave are modified by 
the inclusion of viscous corrections. Hence, 
conditions behind the shock wave are not known 
until the entire flow field has been calculated. 

This thin-layer approach permits the elliptic 
Navier-Stokes equations in the shock-layer 
region to be simulated approximately by a 
parabolic set of equations. The pressure-gradient 
terms are kept in both the normal and longi- 
tudinal momentum equations in order to insure 
the uniform validity of the-theory at higher 
Reynolds numbers. The inclusion of the pressure- 
gradient term in the direction along the wall is 
important to the success of the theory in 
describing the vorticity interaction and 
boundary-layer regimes, where the pressure 
gradient along streamlines is small in the outer 
parts of the shock layer but important in the 
regions closest to the wall. 

The present treatment of mass transfer into 
the hypersonic viscous shock layer is restricted 
to the injection of air into air and neglects all 
chemical effects by assuming that the equation 
of state is that of a single-component ideal gas. 
Certain higher-order effects, such as slip and 
temperature jump, are neglected. The viscosity- 
temperature law is assumed to be linear, through 
the use of a reference temperature based on the 
mean of the temperature behind the shock wave 
and the wall temperature. Cheng [9] has already 

demonstrated the accuracy of this last approxi- 
mation in the context of viscous thin-shock- 
layer theory. 

2. GOVERNING EQUATIONS AND 

BOUNDARY CONDITIONS 

Cheng [7] has shown how the Navier-Stokes 
equations for flow past a blunt two-dimensional 
or axisymmetric body can be treated in two 
adjoining layers, a thin shock-transition zone 
and a viscous shock layer, if 

where Re, is a modified free-stream Reynolds 
number, < is the density ratio, M, is the free- 
stream Mach number, l/Re, is an estimate of 
the ratio of the shock thickness to body radius, 
and (Z + l/M:) is an estimate to the ratio of 
shock-layer thickness to shock radius, A/R% If 
the layer is thin, then a/ax -+ alay, y/R, 6 1, 
and the following equations are valid for the 
description of the shock-transition zone (see 
Fig. 1): 

FIG. 1. Coordinate system for the shock and the body. 
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(pu),. = 0. (1) 

pm,. = (pl),. (2) 

p, + pw,. = +ip2.,)1-. (3) 

p”k + “+A)) 

= p kr+C+?J [( >I. (4) 
v Y 

A gas with zero bulk viscosity has been assumed. 
The equations for the viscous shock layer, under 
the assumptions that a/ax + Z/L+ and that there 
is strong shock compression. become 

(puzy)X + (pVzV)J = 0 continuity (5) 

= (,uu,), tangential momentum (6) 

pr + pK$ = 0 normal momentum (7) 

= energy (8) 

where 

H, 
h, 
Kc. 

Pr, 
P. 
U. 

2. 

P. 

c1. 
V. 

P- 

total enthalpy = C,T + (u’ + v2)/2; 
static enthalpy = C,T; 
longitudinal curvature of the reference 
surface. dfl/dx ; 
Prandtl number ; 
pressure ; 
velocity component along the x axis ; 
velocity component along the y axis; 
distance between reference surface and 
the axis of symmetry ; 
angle of incidence of the reference 
surface ; 
viscosity ; 
unity for axisymmetric flow and zero 
for planar flow; 
density ; 

and where K,uup and other higher-order terms 

in c have been neglected. 
ideal-gas law is assumed : 

p = pRT. 

The boundary conditions 
are 

P = Pm 

u = u, cosfi, 

t’= -u,sinp. 

In addition. the 

(9) 

at the free stream 

P = Pm. 

h = h,, (10) 

Integrating equations (l-4) introducing free- 
stream conditions from equation (IO), and neg- 
lecting higher-order terms in L’~ yields 

p2r2 = -pmu, sin p (11) 

-pmu, sin /?(u2 - u, cos b) = (puJ2 (12) 

p2 = p,u’, sin’ p 

-P&, sin BW2 - H,) 

(13) 

= 11 (14) 
Y 2 

where the subscripts cc and 2 refer to the 
conditions at the free stream and shock interface, 
respectively. 

Equations (1 l-14) are modified Rankine- 
Hugoniot conditions and indicate how the 
shock-jump conditions are modified by the 
effects of shear stress and heat conduction. 

If the von Mises transformation is introduced, 

w - = pu(27rZ)’ 
G 

W -= 
ax - po(2nZ)’ 

(15) 

(16) 

and x is replaced by s. then equation (5) is 
automatically satisfied and equations (6-8) can 
be reduced to 

1 ap pas+u~=(27rz)“u /.lpu& 
( > a* ~ (17) 
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(18) 

These equations are those of a classical 
boundary-layer theory with the addition of a 
centrifugal pressure gradient across the shock 
layer. Mass transfer from the body surface is 
assumed to be in a purely radial direction, so 
that on the body surface the boundary con- 
ditions are 

u=o H = H, 

PV = P~,v~. sin B 
(20) 

at 

it is convenient to use the variables of boundary- 
layer theory, r~ and f: 

First, dimensionless quantities are introduced 

(22) 

In the stagnation region, fi z n/2, and the 
pressure is independent of JI, while the tan- 
gential pressure gradient is a function of both 
tf, and x. A tangential pressure gradient is 
included to insure that the flow at the base of 
the shock layer goes over to the correct flow at 
the edge of the boundary layer when the 
Reynolds number is large. The new independent 
variables are 

<=g 
N 

Since sin /I z 1 in the stagnation region, this 
~st~bution of mass transfer corresponds to 
PY = pw~vw~ at the stagnation point. 

(23) 
?$ = K(1 + Y)f 

In von Mises’ variables, the modified shock 
conditions of equations (11-14) become 

and the new dependent variable is 

pv = - pmu, sin p, 
K 

I 

* 
j(?) = (1 i- v)+ pmumZ(71Z)Y (24) 

U = u, cos fi - (27rZ) PPU au 
pmu, sin fl@ 

i 

A linear-velocity law, p = p* T/T,, is assumed 
where p., is evaluated at T,, a reference tem- 

p = p,u& sin’ 8, 
(21) 

perature. Equations (17) and (19) then reduce to 

H = H, - (2nZ) PPU a ‘I 
Pr pmu, sin /I &5 

f”’ + 

x 
E 

H + (Pr - 1); 31 
and are the outer boundary conditions to the 
shock-layer equation, to be applied at $2 = 

= -&[$!J+(l-+$+5 (25) 

(~~)Y~P,hY 
0” + Prf0’ = 0 (26) 

Fquations (17-19) subject to the boundary where 
conditions of equations (20) and (21) are the set 
of equations governing the flow in the hyper- 
sonic viscous shock layer. 

In order to perform a sta~ation-line analysis, 
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In boundary-layer theory, 4 is a constant in the 
stagnation region. In the present theory, 4 varies 
with the distance variable v and indicates the 
varying tangential pressure gradient due to the 
longitudinal curvature of the streamlines. If 4 
were constant, then equations (25) and (26) 
would correspond to the ordinary stagnation- 
point boundary-layer equations. With the in- 
clusion of the varying tangential pressure 
gradient, equation (25) is somewhat more com- 
plicated than the corresponding boundary-layer 
equation. 

The important new parameter involved in the 
solution ist 

200 \ \ I I 

100 \\ 

7&G 

c=O.I 
60 
60. \ 

?, ~=2.27 XIO+?T,)“‘- 

\ 1962 US. standard 40 

\\ 

atmosphere 

z 

I o.‘loo 
I I I I \ I\ I 

150 200 250 300 350 400 

Altitude, thousends of ft 

FIG. 2. Similarity parameter KZ as a function of altitude 
(for all hypersonic velocities). 

where To refers to the stagnation temperature 
immediately behind the shock transition and is 
always less than the free-stream stagnation 

t Cheng’s hypersonic viscous similarity parameter (Fig. 

2). 

temperature because of the nonadiabatic shock 
transition, T* is a reference temperature, and t 
is defined as (y - 1)/2y. If T* is taken as 
(T, + T,)/2 and p.+ is assumed to follow Suther- 
land’s law at reference temperature T*, then K2 
is a function only of altitude and nose radius 
for cold wall conditions. In other words, K2 is 
not a function of velocity in the hypersonic flow 
regime, as shown in Fig. 2. 

The associated boundary conditions at the 
body surface are 

K Pwo%, ~___ f(o) = -(l + v)+ P&4, 

K 

-(1+ normal injection (27a) 

f’(0) = 0 zero velocity slip (27b) 

O(0) = 0 zero temperature jump. (27~) 

The boundary conditions at the shock location, 
where q = yl,, are 

K 
f(sJ = (1 + v)f 

mass flow 

f’(rjJ = 1 - J!+$(&) 

viscous shear (28b) 

(1 + v)+ 
tqq,) = 1 - ~ pr K O’(%) 

heat conduction. (28~) 

Equations (25) and (26) comprise a fifth-order 
system and require five boundary conditions. 
The additional boundary conditions of equa- 
tions (27) and (28) are used to determine qS, the 
location of the shock wave. 

The heat-transfer coefficient CH is defined as 

c, = - kv@ T/W 
PmUaJW, - HWJ 

or 
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while the skin-friction coefficient 

PW 

becomes 

CF -= 
cos /.I 

2( 1 + v)* $(O). (29~) 

The shock standoff distance, A, can be expressed 
as 

8dtl 

+.i(l + V)-f$. (29d) 
03 

3. DISCUSSION 

The ordinary differential equations, equations 
(25) and (26), and boundary conditions, equa- 
tions (27) and (28), were solved numerically on 
an IBM 7044 by employing the Adams-Moulton 
variable-interval integration technique and the 
Newton-Raphson convergence method (see Ap- 
pendix). 

The blowing rate B was varied from - 1, 
corresponding to massive injection, to +03, 
corresponding to suction. The case of suction 
was included in order to simulate the effect of 
leakage from the high-pressure air in the nose 
shock layer into the interior of the vehicle. This 
could occur if transpiration-cooling techniques 
were used and the coolant chamber pressure was 
not large enough to pump air into the shock 
layer, or if small gaps due to thermal expansion 
and deflection were formed in a nose shield. 

The majority of the calculations were per- 
formed for an extremely cold wall, where 

HJH, x 0. Several additional sets of calcula- 
tions were performed using a moderately cold 
wall, H,/H m z 03, in order to investigate the 
effects of nonzero wall temperature and to 
determine under what conditions the cold-wall 
results were a good approximation of finite wall 
temperatures. 
4D 

The similarity parameter K2 was varied from 
01, corresponding to the extreme low-density 
regime, to lo’, corresponding to the boundary- 
layer vorticity-interaction regime. No special 
precautions were taken in the calculation pro- 
cedure to differentiate among these different 
regimes. The boundary-layer structure at large 
values of KZ was calculated using the same 
techniques as those employed at low values of 
K2, where no boundary layer is formed. 

Temperature gradient 6’(O) and skin-friction para- 
meter/“(O) 

The nondimensional temperature gradient at 
the wall 0’(O) is shown in Fig. 3, while the skin- 
friction parameter f”(O) is shown in Fig. 4. At 
low values of K2, injection rates of the order of 
the free-stream mass flux (B - - 1) are necessary 
to significantly decrease the heat transfer and 
skin friction from the zero-mass-transfer value. 
In the free-molecular limit (K2 + 0), mass 
injection has no effect on heat transfer from a 
cold wall (H,/H, = 0) if the energy accommo- 
dation coefticient is unity. It thus appears that 
this theory gives the correct limiting results for 
heat transfer to a very cold wall as the flow 
becomes free molecular, whether or not mass 
transfer is included. At high values of K2, it 
seems clear that much smaller mass flow rates 

(B- - 0.1) are capable of reducing heat transfer 
and skin friction to values which are much lower 
than the zero-injection values. In particular, for 
the zero-temperature wall, a point of zero skin 
friction seems to be reached for fixed B and 
finite K2. On the other hand the few points that 
have been calculated here for the finite-tem- 
perature wall at a constant value of B (B = 
-01) seem to indicate that the point of zero 
skin friction is reached asymptotically as K2 --, 
co. This is true for the stagnation-point boundary 
layer if the wall temperature is nonzero. At large 
values of K2 the flow structure should be well 
described by the usual theory for an inviscid 
shock layer and a viscous boundary layer. 

Note that equation (25) in the neighbourhood 
of the wall (q = 0) becomes (if H,/H, = 0) 
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Similarity parameter, X2 

FIG. 3. Relation of temperature-gradient and similarity parameters (numbers 
on figure represent values of B). 
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FIG. 4. Relation of skin-friction and similarity parameters (numbers on ligurc 
represent values of B). 

f”’ + ff” = 0 

the Blasius equation, subject to the injection 
boundary condition, 

KB 
f(O) = +(1-;j7 

and the no-slip condition becomes/‘(O) = 0. 
It is well known that solutions of the Blasius 

equation indicate a blowoff point (zero skin 

friction) at a finite value of f(0) = -0.876, 
corresponding to KB = - 1.23 for zero skin 
friction. Extrapolation of present results to the 
point of zero skin frictionLf”(0) = 01 at a fixed 
value of the blowing rate implies that the skin 
friction is zero at KB z - 1.15, even at low 
values of K (K* c 33). There seems to be 
remarkably little effect of the wall-temperature 
ratio H,/H, on the temperature gradient while 
the skin-friction parameter increases with the 
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wall temperature. These results are known for 
ordinary stagnation-point boundary layers, and 
their extension to the hypersonic viscous shock 
layer is not unexpected. 

Shock standoff distance 
The shock standoff distance, A/RN, is pre- 

sented in Figs. 5 and 6. While the calculations 
were performed at sufficiently small values of 
K2 such that fixed B and K2 + co are not 
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entirely relevant, a few comments about this 
limit are in order. If B is fixed and K2 + CO, then 
the flow in the shock layer should be purely 
inviscid and consist of an outer layer of shocked 
gas and an inner layer of injectant, separated by 
a slip surface. Under these conditions, and par- 
ticularly for H,/H, < 1, the injection layer is 
dominated by the tangential pressure gradient, 
while the outer layer is dominated by the centri- 
fugal pressure gradient. The tangential velocity 

I. 

t 

Simitority paromcta. K* 

FIG. 5. Effects of mass injection or suction on shock standoff distance. 

vo30 0.1 o-2 

Moss flow rate, IBl 

FIG. 6. Effects of similarity parameter on shock standoNdistance. 
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ratio u/U, in the inner layer is of the order 
,/(H,/H,), while the density ratio p/p, in the 
inner layer is of the order H,/H,. Consequently, 
the thickness of the injection zone is proportional 
to l/pu. or J(H,/H,), and the asymptotic 
standoff distance should increase with increasing 
wall temperature from the zero-injection value. 
If H,/H, is zero, then these estimates indicate 
that the injection zone has zero thickness. The 
results shown in Figs. 5 and 6 have the following 
properties : 

1. When the mass flow rate is fixed and the 
wall temperature is zero. the shock standoff 
distance increases with increasing K, seeming to 
approach an asymptotic limit. Similarly, if the 
density level(K) is fixed and the wall temperature 
is zero, then the shock standoff distance shows 
an almost linear variation with blowing rate. 

2. The effects of nonzero wall temperature are 
most pronounced in the fully viscous regime 
[K* h o(l)], where an increase of wall tem- 
perature from 0 to H,/H, = 0.3 results in an 
increase in shock-layer thickness from 0.052 to 
0.075. While the calculations for zero wall 
temperature show that the shock-layer thickness 
indicates an increase in A/R, as KZ is increased 
for fixed B. this is no longer true if a finite wall 
temperature is considered. For the case calcu- 
lated (H,/H, = 0.3), the standoff distance de- 
creases with increasing K2 and seems to be 
approaching an asymptote higher than the 
zero-temperature calculations. As K* + *m, this 
is to be anticipated in the light of the earlier 
discussion. For a fixed B (B = 0.1). there is only 
a small decrease in A/R, as K* increases from 
1 to 100. 

At a given altitude, velocity, and wall tem- 
perature, K * is a function of the blowing rate f3, 
since the reference. conditions employed in the 
temperature-viscosity relation are based on 
conditions behind the shock wave, which are 
affected by the injection. This point will be 
discussed again later. 

Skin-friction and heat-transfer coeflcients 
In ordinary boundary-layer flows with mass 

transfer C,/CHO and C,IC,~, the heat-transfer 
ratio and skin-friction ratio based on reference 
conditions of zero mass transfer, are a function 
only of the blowing rate B multiplied by the 
square root of the appropriate Reynolds number. 
Since CFO and CHO are equal to constants 
multiplied by the square root of the same 
Reynolds number, then C,/Cr. and CH/CH, are 
functions of B/CFo and B/CH,, respectively. An 
attempt has been made to use the same para- 
meters in Figs. 7 and 8. However, in the hyper- 
sonic viscous thin-shock-layer theory, the de- 
pendence of CFO and CH, on K* is not known 

I6 

0 0.2 0.4 0.6 Q6 I-O I.2 1.4 

IlwC" 0 

RG. 7. Effects of mass injection or suction on heat-transfer 
coeflicient. 

explicitly, and consequently, Figs. 7 and 8 are 
presented as a convenient means of correlating 
all of the cold-wall calculations. The correlation 
becomes exact as K2 increases and seems to go 
over to the results of Reshotko and Cohen [lo]. 
In the low-density regime, K* zz 0.1, the corre- 
lation indicates the decreased effectiveness of 
mass transfer in reducing heat transfer, but for 
K* > 1, the correlation curves show that 
boundary-layer calculations, when presented in 
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0 0.2 0.4 I.0 I.2 1.4 I.6 

l8l /C& 

FIG. 8. Effects of mass injection or suction on skin-friction 
coefiicient. 

the form of Fig. 7, may be useful at much lower 
densities than might be anticipated. 

Velocity and temperature distributions 
The velocity ratiof’ and the shear parameter 
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f” are shown in Fig. 9 for varying mass-flow 
ratios and different values of K2, for the zero- 
temperature wall. The boundary-layer nature of 
the flow at large values of K2 is clearly shown, 
while the fully viscous nature of the shock layer 
at low values of K2 is also indicated. Mass 
transfer does not seem to change the postshock 
conditions very much, even at low values of K2. 
This is also true of the temperature function 0, 
which is shown in Fig. 10. This lack of sensitivity 
of 0 to mass transfer permits the use of a reference 
temperature T,, which is based on the calcula- 
tions for zero mass transfer. Consequently, at 
given free-stream conditions and nose radii, the 
parameter K2, being only weakly dependent on 
the blowing rate, can be approximated by its 
zero blowing value. 

At low values of K2, injection rate comparable 
to the free-stream mass flow have a small effect 
on a shock layer which is completely viscous. 
The bow shock is pushed off, but the profiles 
exhibit no distinguished behavior. However, as 
the density is increased, and the more con- 
ventional boundary-layer-inviscid-layer profiles 
are obtained, dramatic changes in the profiles 
are caused by the injection. The shock wave 

i -- 
% 
6 0 

Sheer parometar, f” Vdoeity ratio, I’ 

FIG. 9. Comparison of dimensionless velocity and shear-stress distributions (cold wail). 
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Tcmperotwo grodiant, 8’ Enthotpy ratio, 8 

FIG. IO. Comparison of temperature parameter and heat-transfer distributions(coM wall). 

does not seem to be pushed off very much by 
the injection, but there is clearly a large outer 
inviscid zone of small but constant shear and 
zero heat conduction, and then an intermediate 
thinner zone of large shear and heat conduction. 
The region closest to the wall seems to be 
included in this “shear layer”. but the tempera- 
ture gradient and shear at the wall are much 
lower than those in the center of the shear layer. 
However, there does not seem to be an appreci- 
able regime near the wall where the heat con- 
duction and shear stress are small; i.e. there 
does not seem to be an additional inviscid 
region near the wall. As noted earlier, the 
blowing rates employed were not sufficiently 
large to “blow off” the boundary layer. 

The velocity, temperature, shear parameter. 
and conduction parameter 8’ are shown in Figs. 
11 and 12 for a nonzero wall temperature 
(H,/H,) = 0.3. At a fixed value of y, or at a 
fixed distance from the wall, B for the zero- 
tem~rature wall is much greater than that for 
the finite-temperature wall. However, the tem- 
perature ratio T/T,= H,/H, + (1 - H,,/H,)fl 
is not very different for both cases if K2 and the 

mass-transfer rate are fixed; 0’ at the wall 
seems to be almost independent of the wall 
temperature, but the dist~bution of 0’ seems to 
be somewhat fuller with increased wail tem- 
perature. 

In the lower-density regime, where K2 ‘2, o(1). 
the effect of nonzero wall temperature is 
primarily to increase the extent of the shock 
layer. As in the case of zero heat transfer. the 
tem~rature at the shock wave seems to be only 
weakly affected by mass transfer. At Iarge K2. 
the finite temperature at the wall prevents the 
shear from decreasing significantly, since the 
pressure gradient acts to augment the skin 
friction in this case, while the infinite density at 
a zero-temperature wall renders the pressure- 
gradient effect negligible. 

4. CONCLUSIONS 

The theory developed by Cheng for the 
hypersonic viscous shock layer has been modi- 
fted to include the effects of surface mass transfer. 
In addition, the theory for zero mass transfer 
has been applied to obtain numerical solutions 
for larger values of the similarity parameter K2 
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FIG. 12. Comparison of dimensionless velocity and shear-stress distributions. 

than have been considered previously. Cheng’s The boundary-layer nature of the flow field 
theory retains all the terms involved in the at large values of K2 contrasts with the fully 
six-layer asymptotic expansion formulation of viscous flow field at low values. The effects of 
Bush, and through care and perseverance in mass transfer are to thicken the shock layer and 
computation, numerical results have been ob- decrease the heat transfer and skin friction. 
tained for values of K2 between 0.1 and 103. However, the results show that mass transfer is 
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ineffective in modifying the temperature and 
velocity profiles to reduce heat transfer and 
shear stress when K2 < 1; for values greater 
than 1, the boundary-layer correlation formula. 

C”fC& = function of B/C,, is useful for cor- 
relating the heating rate. Conditions behind the 
shock wave, which are considered as unknowns 
in this theory, are insensitive to mass transfer. 
so that the reference conditions involved in the 
computation of K2 can be obtained from the 
results for zero mass transfer. 

The effects of nonzero wall temperature are 
most pronounced for small values of K2, where 
the shock-layer thickness is increased dramati- 
cally. There is a definite suggestion in these 
calculations that the increase of shock-layer 
thickness with increasing density (K2 --* 00) is 
only true for very cold walls. For walls that are 
not so cold, on the other hand, the shock layer 
seems to be thickest in the low-density limit 
(K2 c 1) and approaches its asymptotic value 
for K2 4 m from above. 
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APPENDIX 

Numerical Integration Technique 
The computer program was written in 

FORTRAN IV for the IBM 7044. The numerical 
integration technique employed was fourth- 
order Adams-Moulton with a variable step size. 
Runge-Kutta is used to start the integration. 

The convergence scheme used a modified 
Newton-Raphson type of iteration to converge 
to the boundary conditions at q9 There are 
actually four boundary conditions, since cp must 
be reconstructed : 

IS 

1 

K(l + v)” 

K(l : Y;j([Y2dq - /Y2d’$]. 

0 0 

Now if 

then Z’ = ff2 may be written with the boundary 
condition Z(q,) = 0. The state variables are 
then J f’. f”, 0, 0’, Z. Boundary conditions at 
q = 0 are given for f, f’, 8, but the values for 
f”, 8’, Z which will satisfy the boundary con- 
ditions at qs must be found. If one of the 
boundary conditions is chosen as a “stopping 
function” (Q), there remain three boundary 
conditions {ei} which must be met. These were 
selected as follows : 

K 
a = (1 + v)j 

-.-----f=O 

1 (1 +Kv)t/.’ __f’ 

Wfj = 1 1 l_u+v)+ , me-e = 0 

Z 
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f” 
and state variables {X,} = 

i1 

8 ’ for convenience. 
Z 

A set of initial trial values must be given for the 
{Xi}4=0, then the differential equations inte- 
grated to the point where the stopping condition, 
Q = 0, is met. Usually the boundary values 
{ e,} # 0 the first time, and a new set of values 
for the {X1},=,, must be found. This is done by 
computing a change in {Xi),=,, which will 
improve the initial estimates : 

{dxilq=O = IIF]-’ llwl id Jli>Ct=O. 

The [F] matrix is the matrix of partial deriva- 
tives of the boundary conditions at Q = 0 
with respect to the state variables {XJ at 
?j = 0: 

W, ati, a+, --- 
ax, ax, ax, 

1 

ah ah 8th --- 
ax, ax, ax, I 

These were found numerically by perturbing 
the {X,} one at a time. 

The [W] matrix is a weighting matrix which 
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consists of only elements along the diagonal. 
Normally the unit matrix is used. 

The {d JI,},=,, are the errors in the boundary 
conditions. 

In conclusion, it must be pointed out that the 
convergence technique did occasionally “hang 
up”, usually for the following reasons: 

The numerical partial derivatives were not 
accurate. Solution : use smaller perturbations. 
The changes in the { rLi} became too non- 
linear. Solution : reduce [IV]. 
The initial estimates for the (Xi},=0 were too 
far off. The expression “too far elf” cannot be 
better defined, but it seemed to make much 
more difference what the initial trial values 
were when higher values of K2 and B were 
used. Solution: run cases with small values 
of K2 and B first and extrapolate to get a 
better estimate. (This was done off the 
machine.) 
The integration became unstable. Solution : 
tighten the constants for error control in the 
integration routine. 

It was sometimes difficult to distinguish 
between type 2 and type 4 difficulties, because 
type 4 could cause the nonlinearity of changes 
in the {pi}. 

Rs Une etude des effets du transport de masse superfciel sur la couche de choc hypersonique 
visqueuse d’un corps arrondi a ttt faite. La theorie de Cheng de la couche de choc Newtonienne a ttC 
modil%e pour inclure a la fois I’aspiration et I’injection. et l’on a obtenu de nombreux resultats numeriques 
pour I’injection d’air dans l’air. 

Ces rCultats indiquent que Its diminutions de transport de chaleur et de frottement parittal dues a 
l’injection peuvent &re representtes d’une facon adequate par la formule standard de correlation de la 
couche limite pour tous les Ccoulements a basse densitt sauf les cas extremes. Cependant lorsque Ie nombre 
de Reynolds dtcroit, le transport de masse devient inefficace pour rtduire le flux de chaleur et le frottement 
parietal. sptcialement pour une paroi trb froide. L’effet d’une temperature pa&tale non-nulle est d’aug- 
menter considerablement l’tpaisseur de la couche de choc; et il semble que la valeur de la temperature 
par&tale determine si I’bpaisseur de la couche de choc non visqueuse asymptotique est approchC par 

audessus ou par endessous. 

Znaammenfaasang-Fur die dhe Hyperschallstossschicht wurden die Einflilsse des Stofiberganges an 
der OberflPche eines stumpfen Korpers untersucht Die Theorie einer Newtonschen Stossschicht von 
Cheng wurde modifiiiert, um sowohl Absaugung als such Einblasung xu umfassen. Eine Vielzahl numer- 
ischer Ergebnisse wurde hir die Einblasung von LuR in Luft erhalten. 

Diese Ergebnisse migen, dass die Abnahme des Wlhmeiiberganges und der Oberllgchenreibung infolge 
der Einblasung durch die tlblichen Grenzschichtkorrelationsgleichungen fitr alle Fltlle angemessen wieder- 
gegeben werden konnen, mit Ausnahme von Strbmungen bei extrem kleiner Dichte. Rei abnehmender 
Reynolds-Zahl valiert aber der Stofftransport seine Wirkung Aufheixung und Oberflllchenreibung 
herabzusetzen. Das gilt besonders fiir sehr kalte Wlnde. Da Einfluss bei Wandtempraturen die von null 
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verschieden sind, geht dahin die Stossschichtdicke stark zu erhiihen. I3 liegen such Anzeichen vor, dass 
die G&se der Wandtemperatur bestimmend dafiir ist ob die AnnLherung an die asymptotische nichtz;ihe 

Stossschichtdicke von oben oder von unten erfolgt. 

hiHOTaq&Wf--npOBeJ([eHO PICCJIe~OBaHCle BJIARHIIH KOHBeKTWBHOrO IIOBepXHOCTHOrO MaCCO- 

06MeHa Ha rklIIep3ByKOBOti yRapHbIti CJIOfi Bfi3KOti HWRKOCTM B6JIH3I4 TyIIOHOCOrO TeJIa. 

itfOJ(H@iqHpOBaHHZWl TeOpWi %Hr,JVIHyflapHOrO CJIOH HbIOTOHOBCKOti HU~KOCTH yYI4TbIRaeT 

OTCOC II BAyB. ~OJIyWHO 60JIbItIOe KOJIWleCTBO WiCJIOBbIX RaHHbIX AJIFI BAyIS BOWyXa B 

BOBJ4yX. 

Pe3yJIbTaTbI lIOKa3bIBElIOT, YTO CHRHieHEle K03@$UlIJHeHTOB TeIIJIOO6MeHa II IIOBepXHOCTO- 

HOrO TPt?HWI, 06CJIOBJIeHHOe BAyBOM, MOMHO 0606II(iiTb c IIOMOU(bIo o6bIsHoro ypaBHeHm 

nOrpaHHYHOr0 CJIOR J&JIfi BCeX TeWHIlti 38 I4CKJIIOYeHAeM Nf~KOCTei C Oqt?Hb HM3KOti rIJIOT- 

HOCTbIO. OgH'dKO, IIpll yMeHbIIIeHclC% 'IIICJIEI Pei'iHO2TbW+, MaCCOO6MeH He CHRHEaeT CKOPOCTM 

HarpeBa II KO3$N&l~MeHTa IIOBepXHOCTHOrO TpeHIIfl, OCObeHHO ,QJIH O'IeHb XOJIORHOa CTCHKM. 

Bn&mme CTeHKIl C TeMIIepaTypOti, OTJIWfHOti OT HyJIH, 33KJIIOWleTCR B qpe3MepHOM yBeJIW 

geHI.iH TOJIqliHbI ynapHor0 cnofi. nOKta3aH0, 9TO TeMIRpaTypHbIti p@KBM CTeHKA yKcR3bIBaeT 

Ha np6namemwi K aCI4MIITOTWleCKOti ToJIIWlHe HeBR3KOrO yflapHOr0 CJIOR csepxy 

ElJlVrCHM3y. 


